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                                                      Abstract  
  
  
   A new exact solution of the Navier–Stokes equations is derived for the compressible 
medium flows which are far from equilibrium in the limit of extremely low shear viscosity 
and relatively large volume viscosity. This solution corresponds to the exact vortex solution 
in Euler variables for the three-dimensional Hopf equation and loses smoothness in a finite 
time. It is shown that the smoothness of the solution is conserved indefinitely in time if we 
take into account the contributions of small shear viscosity; it is also conserved in the case of 
homogeneous friction above a given threshold. The closed description of the evolution of 
statistical moments of velocity is obtained, thereby bypassing the closure problem in the 
theory of turbulence.  
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                                              1. Introduction  
  
 For almost  two centuries, possibly the last unsolved problem of classical physics 
associated with the puzzling problem of turbulence has continued to exist, a problem which 
has fundamental and practical importance not only for hydrodynamics, magnetic 
hydrodynamics and even hemodynamics, but also for many other branches of modern physics 
[1-3].  The absence of non-stationary solutions of the non-linear Navier–Stokes equations has 
led to the development of a statistical approach to the analysis of its solutions based on an 
infinite open-loop system of equations for the moments of the velocity field [1, 2]. 
Approximate approaches to solving the corresponding problem of closure of this system of 
equations were proposed in the works of Reynolds, Kolmogorov, Heisenberg and other 
prominent mathematicians and physicists.  
Even the existence of such solutions over an unbounded time interval is an unsolved 
mathematical problem in the three-dimensional case, a problem which is of great practical 
importance in connection with the problem of predictability and stability arising in the 
numerical solution of the Navier–Stokes equations. These solutions are used in aerodynamic 
and hydrodynamic calculations for constructions of watercraft, aircraft and space technology, 
as well as for the prediction of ordinary and extreme weather phenomena. Therefore, in the 
year 2000 the Clay Mathematics Institute named the problem of the existence and uniqueness 
of solutions of the three-dimensional Navier–Stokes equations as one of the seven 
Millennium Prize Problems (www.claymath.org [4]).  In [4], however, the problem is limited 
only to an approximation of an incompressible medium with a velocity field with zero 
divergence, that is 0udiv

.   
In this paper, new exact non-stationary solutions to the three-dimensional Navier–Stokes 
equations for a compressible medium with 0udiv

 are obtained; these give the solutions for 
a generalization of the problem stated in [4]. This corresponds to the limit of extremely small 
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shear viscosity as 0  and to large volume viscosity with coefficient    . In this case, 
we use, instead of the equation of state, the representation for pressure of systems far from 
equilibrium in the form given in [2, 3], as justified by the condition (see (81.4) in [2] and 
(1.95) in [3]):  
                                                       udivp

                                    (1.1)  
    For the first time, based on a new solution to certain of the Navier-Stokes equations, an 
example is given which represents the possibility of a closed statistical description for a 
steady-state energy spectrum that determines the energy transfer between motions at different 
scales in a turbulent flow of a compressible medium.  
     We also show the possibility to avoid the collapse over a finite time of the solution via two 
mechanisms: (a) regarding non-zero shear viscosity 0 , and (b) by taking into account the 
magnitude of the homogeneous friction with the coefficient   which satisfies the relation:  
                                                         0/1 tth                        
(1.2)  
 In (1.2), 0t  represents the finite interval of time for the collapse of the solution 
for 0,0   . In all numerical stimulations of the Navier–Stokes equations, cut-off 
procedures at spatial scales below minll  , or above klk  minmax /1 are used. This is one of 
the reasons for which problems with predictability problem arise. Indeed, this procedure 
corresponds to the introduction of an effective homogeneous friction with a 
coefficient  2maxk , where 0/    is the constant coefficient of kinematic viscosity. The 
choices of the cut-off scale minl  are now found without any correlation with the initial 
conditions which determined the magnitude of 0t  in the right side of condition (1.2). 
Maintaining smoothness of a solution in the form of (1.2) allows us to establish a new basis 
for the elimination of the problem of predictability. 
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                  2. Exact solution of the Navier–Stokes equations   
 
   1. The Navier–Stokes equations for a compressible medium with constant shear coefficient 
 cons and volume (or second) viscosity coefficient const  have the form [1]:  
                               ))
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In (2.1), ,p  are pressure and density fields, respectively; niui ,..,1;    corresponds to the 
velocity field, and the indices range from 1 to n.  In the following, cases of one-dimensional 
(1 D) 1n  , two-dimensional (2 D) 2n  and three-dimensional (3 D) 3n spaces in (2.1) 
are considered.   
Equation (2.1) must be considered together with the continuity equation:  
                                            0)( 


udiv
t



                                          
(2.2)  
 
The system of equations (2.1) and (2.2) is not closed, because, for example, in the 3D 
case, it contains four equations and five unknown functions, that is, three components of the 
velocity field, as well as the pressure and density fields. Usually, when considering an ideal 
compressible medium, the equation of state, which relates density and pressure, is used to 
close the system of equations (2.1) and (2.2). In this case, it is assumed that the time for 
establishing local thermodynamic equilibrium is much smaller than the characteristic time 
scale of the hydrodynamic process under consideration. However, in cases of turbulent flows 
with large Reynolds and Mach numbers, this assumption is not always fulfilled. In these 
cases the pressure field will depend on the velocity field and its derivatives. Such a 
dependence of pressure on velocity occurs even at the limit of small Mach numbers of 
approximations used for an incompressible medium having a constant density, when, for the 
closure of system (2.1) and (2.2), the condition of zero velocity field divergence is used:  
                                                                 0udiv

                        (2.3)  
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 In the limit of large Mach numbers, the closure of (2.1) and (2.2) by use of the equation 
of state is all the more unjustified because that equation characterizes the state of 
thermodynamic equilibrium. Indeed, in [2], instead of the equation of state, equation (1.1), 
which relates the pressure to the velocity field divergence, is used (see (81.4) in [2] and 
(1.95) in [3]). Furthermore, using equation (1.1) instead of equation (2.3) for the case of a 
compressible medium leads to the closure of the system of equations (2.1) and (2.2).  
2. In the limit 0  and under the condition (1.1), the right-hand side of Equation (2.1) 
vanishes. As a result, the Navier–Stokes equations (2.1) are reduced to a generalization of the 
well-known one-dimensional Hopf equation for 2D and 3D cases [5]. Such a generalization 
of the Hopf equation describes the motion of liquid particles by inertia and has the form [5-
7]: 
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               (2.4)  
  
As a result, the equation for the velocity field becomes independent of the continuity 
equation (2.2).   
The solution of the Hopf equations (2.4) in Euler variables will simultaneously determine 
the solution of the well-known Helmholtz equation for the vortex field urot

 . Indeed, after 
applying the operator for the curl to equation (2.4), the vortex Helmholtz equation for the 
case of a compressible medium and a nonzero divergence of the velocity field has the form:     
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(2.5)  
  
For the Hopf equations (2.4), however, only solutions in the Lagrange variables [5–7] have 
long been well known.  
In the case of a solution in Euler variables for the 1D case, Equation (2.4) is solved in [8, 
9]. For solving the Helmholtz equations (2.5), only 2D and 3D cases are of interest.   The 
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solution of (2.4) and (2.5) for 2D and 3D cases was first obtained in [10] (see also [11 - 14], 
where the details of the derivation of this solution are given); it has the form     
 
                                      Autxudtxu i
n
i
ˆdet))(()(),( 00 

 (2.6)  
 
In (2.6), Aˆdet  is the determinant of the matrices
m
n
nmnm
u
tAA




 0ˆ  ,  (delta) is the 
Dirac function and )(0 xu i

 is the arbitrary smooth initial velocity field which corresponds to 
the finite integral of the energy   )(2
1 2
00 xxudE
n  . The solution (2.6) preserve 
smoothness only over the interval of time 00 tt   , as fixed from the condition of the 
positive determinant  0ˆdet A  where 0tt    is the minimum time over which the 
determinant becomes zero, that is 0ˆdet A . 
For example, for the 1D case, 
1
011ˆdet
d
du
tA   when 0
/max
1
0
0 
dxdu
t .                          
In particular, with the initial velocity field is of the form 0),2/exp()( 20
2
0  aLxaxu  , we 
get
a
eL
t 00   when 0max Lxx  . For the 2D and 3D cases, the explicit definition of the 
minimum collapse time 0t of the solution is associated with the solution of the quadratic and 
cubic equations, respectively. These equations follow from the condition that the determinant 
of a matrix A

is zero, included in the definition of the solution (2.6) (see (3.7) in [11]).  
The vortex field corresponding to the solution (2. 6) and exactly satisfying the nonlinear 
Helmholtz equations (2.5) (see the proof of this in [11, 13]) has the form for the 3D case:    
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In (2.7) 00 )( urotx

  is the initial distribution of the vortex field. In this case, the second 
term in parenthesis corresponds to the description of the well-known three-dimensional effect 
of stretching of the vortex lines [1].  
For the density field satisfying equation (2.2), taking into account solution (2.6), we also 
obtain the exact solution in the form: 
                                   ))(()(),( 00 

utxdtx n              (2.8)  
 In (2.8), )(0 x

  represents the initial distribution of the density field. Note that in the 2D 
case, the exact solution of the Helmholtz vortex equation (2.5) also has the expression (2.8) if 
we replace the distribution )(0 x

 in (2.8) by the initial distribution of vorticity )(0 x

 . 
While considering representations (1.1) for pressure we also obtain the exact solution 
following from (2.6) (see also [11, 13]):  
                            

 ))((
ˆdet
0 

utx
t
A
dudivp n      (2.9)  
 
   Thus, relations (2.6) to (2.9) give a new exact solution of the Navier–Stokes system of 
equations (2.1) and (2.2), based on the use of relation (1.1) for compressible medium flows 
with nonzero velocity field divergence. The resulting solution, however, is defined and 
retains smoothness only on a finite time interval 00 tt  , which depends on the specific type 
of initial conditions (see (3.7) in [11]). 
3. Regularization of the solution and the problem of predictability.  
 
1. The exact solution of the Navier–Stokes equations (2.6) to (2.9) can be carried out, for 
example, when taking into account homogeneous friction. As is noted in the Introduction, 
homogeneous friction inevitably arises in any numerical calculations because of the need for 
a cut-off procedure which can significantly affect the predictability and stability [15].  
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To account for homogenious friction in the right side of equation (2.4), one must add a 
term u

  which corresponds to a friction force which is linear over velocity with a 
coefficient 0  . This term is also obtained from the shear viscosity force which occurs in 
the Navier–Stokes equations, when it is assumed that uuku

  2max , which 
corresponds to the procedure of cut-off at large wave numbers minmax /1 lkk  . 
With such a modification of equation (2.4), it is also possible to obtain an exact solution 
of the Navier–Stokes equations, which follows from expressions (2.6) to (2.9) by replacing 
the time variable with a new variable  
                                                 /)1()( tett                       (3.1)  
The new term (3.1) is only variable over a finite interval  /1)(0  t . As a result, in the 
equations (2. 6) to (2.9) the magnitude of the determinant Aˆdet  can never vanish if relation 
(1.2) holds. For example, for the above estimated value 0t in the 1D case, we obtain the 
regularization condition of the corresponding solution in the form
eL
a
th
0
  . 
                                 2. Another regularization method providing smoothness of the solution that is conserved 
over time is the modeling of the shear viscosity action using a random velocity field 
)(tV

having a given Gaussian probability measure. To do this, in equation (2.4) we 
replace )(tVuu iii  ; this corresponds to the replacement )()(),( 11
0
tVtdtBtBxx
t 
 in 
the solution given by Equations (2.6) to (2.9). We take )(tV

 as a random Gaussian velocity 
field (such as white noise), with delta correlation in time; more precisely, with the 
correlations )(2)()(;0)(  ijjii tVtVtV  . In this case, the expression in the angular 
brackets denotes the statistical averaging over an ensemble of realizations of a random 
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velocity field.  As a result, the solution represented by equations (2.6), after averaging over 
the random velocity field, become regular, conserving smoothness over time, with the form:  
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     (3.2)  
The averaged representations, regular over any interval of time, for the vortex, density, and 
pressure fields (2.7) to (2.9) are obtained analogously.  
If we consider the average of the Gaussian velocity field for the cases of finite 
correlations in time, expressions analogous to those in (3. 2) are obtained, in which only 
needs to replace the expression for the dispersion )(2 tB

, as a function of time in (3.2) by a 
new time dependence for this quantity, taking into account the specific form of correlation 
over time for a random field )(tV

.        
Thus, the averaged representation of the solution (2.6) in the form (3.2) corresponds to 
taking into account the shear viscosity modeled using a random Gaussian velocity field 
introduced into the Hopf equations (2.4). When taking into account the homogeneous friction 
in (3.2), it is necessary to replace the time variable according to relation (3.1). In particular, in 
the limit of large time intervals 1t ,  this replacement corresponds to /1t  and the 
stationary limit of the solution (3.2), which is used in the next section to obtain a closed 
description of two-point moments and energy spectra.  
 
4. Application. Turbulence energy spectrum  
 
On the basis of solution (3.2) to the Navier–Stokes equations (2.1), it is possible to obtain 
a representation for all multipoint moments of velocity, vorticity, density and pressure fields, 
thus giving the solution of the main problem of turbulence theory [1] (see chapter 3.3, pages 
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176-177 in [1]). In [1] it is also noted that for the case of a compressible medium, “…this 
common problem is too difficult, and the approach to its full solution is not yet visible” [1]. 
Here we consider the example in the compressible case of the solution for two-point moments 
of velocity field and corresponding energy spectrum which are of the most importance in 
turbulence theory. 
     The correlation tensor for the n-dimensional (n=1, 2, 3) velocity field is defined as: 
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 Let us consider (4.1) for the solution of Navier–Stokes equations for the steady limit 1t , 
when in (3.2) we must make the replacement 

)exp(1 t
t

  after the introduction of 
homogeneous friction with coefficient 0 . The correlation tensor (4.1) in this case is 
reduced to the formula 
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also have  /22 nB 

. From (4.2) the symmetry relation )()( lRlR uji
u
ij

 is obtained. 
  The spectrum energy tensor corresponding to (4.2) is defined as 
                                       )exp()()2(
1
)( lkillRdkF ij
n
nij


                (4.3) 
      Indeed, the energy is given by:  
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  For example, in the isotropic 2D case there is the relation )()( kEkkFii  ; for the 3D case 
)(4)( 2 kEkkFii  similarly arises.                  
   From (4.3) and (4.2) it is possible to obtain a common representation:  
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For example, let us consider (4.5) with n=2 for the 2D initial velocity field (in the 
),( r system of polar coordinates): 
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 In the case n=2, we set 0LL  in (4.5) and 0/ Lath  in (1.2) (by using Equation (3.7) from 
[11, 13] to obtain 0/1 tth  ). Thus, from (4.5) and (4.6) it is possible to obtain:   
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For the estimation of integral (4.8) in the limit of the large wave number k , we use the 
method of stationary phase when the conditions 0

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 As an example, for the case 0/ Lath   and in the limit 11 

 th , we obtain here the 
estimate of (4.8) for the inertial range of wave numbers (when 1/42 k in (4.7)):  
                        4/,/Re;/Re/1 000000  LUULLkL      (4.10) 
  For the range of wave numbers (4.10) corresponding to (4.7), the two-dimensional (2D) 
energy spectrum is obtained: 
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This representation of energy spectrum (4.11) is obtained only on the basis of the exact 
solution (3.2) of the compressible Navier–Stokes equations (2.1) and has the same scaling 
exponent as usually considered in 2D turbulence theory [16] when also )/1()( 3kOkE  in the 
inertial range of wave numbers is obtained, but for the incompressible case and not directly 
on the basis of the solution of the Navier–Stokes equations.          
  
                                                Conclusions 
Thus, the new exact non-stationary solution of the Navier–Stokes equations (2.6) 
obtained in this work admits regularization in the form of (3.2), which ensures its smoothness 
over an unbounded time interval by taking into account small shear viscosity. As a result, a 
positive answer is obtained for generalizing the Millennium Prize Problem [4] for the case of 
the Navier–Stokes equations describing the flow of a compressible medium in unbounded 
space and having a finite energy integral, as required in [4].  
 The regularization condition is obtained also by considering homogeneous friction in the 
form of (1.2); this provides a basis for new methods for the resolution of the above-
mentioned problem of predictability.  
For the first time, a general representation for two-point moments of the velocity field and 
the corresponding expressions for the energy spectrum determining the processes of 
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nonlinear strong interactions between motions of different scales were obtained directly from 
solving the Navier–Stokes equations. On the basis of the exact solution thus obtained, any 
single-point and multi-point moments of the velocity, vortex, density, and pressure fields can 
also be found. This gives a solution for the perplexing problem of turbulence in a 
compressible medium.  
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